Birkbeck 2.13. FIR, 2008-9. Worksheet 4. Liquidity demand and bank runs. 
Diamond and Dybvig 1983 model, Spencer ch. 10 version.
We have a 3-period model in which each individual has a primary investment of 1 in period 0, which yields 1 if liquidated and consumed in period 1 or R > 1 if liquidated and consumed in period 2. 
Individuals are of 2 types:

· Type 1s ‘die’ in period 1, having first liquidated their investment and consumed its entire value.
· Type 2s survive period 1 but ‘die’ in period 2, having by that time liquidated their investment and consumed its entire value.

The overall proportion (p) of type 1s is publicly known in period 0, but individuals do not find out which type they are until period 1, and this information is private.
1. (i) What drives the demand for liquidity in this model?

(ii) Is there aggregate uncertainty in this model?

(iii) Assuming the absence of financial markets (comparable to autarchy in production of goods), what will be (a) the ‘cost of early death’ (b) the expected consumption of type 2 individuals in period 1 (c) an individual’s expected utility in period 0? 

(iv) What conditions are necessary to ensure a socially optimal trade in risk if there are only two individuals, one of whom will die in period 1 while the other will survive?

(v) Is financial intermediation necessary to achieve this social optimum?

2. Continuing with our assumption that ‘society’ consists of only two individuals, a type 1 and a type 2 (i.e. p = ½), we now derive the scale of the transfer (π) from type 2 to type 1 that is required to achieve the above social optimum.

(i) If this transfer is made, what will be the consumption of (a) type 1 (b) type 2?

(ii) Provide expressions for (a) the period 2 budget constraint (b) the total social utility 
(≡ SU).
(iii) Maximise the expression for total social utility to derive the marginal rate of substitution between C1 and C2.

(iv) Define the optimal levels of C1, C2 and π.
(v) Draw a diagram showing the ‘social’ budget constraint, explaining the intercepts. What would be the significance of a 450 line from the origin in this diagram?
(vi) Use the same diagram to show the allocation point (A) under autarchy.

(vii) What is the ‘social’ level of consumption under autarchy?

(viii) On the assumption that both types are risk averse, draw ‘social’ indifference curves to show the advantages of trading in risk. Explain how this represents a reduction in individual uncertainty.
(ix) Show π*, Rπ, C1* and C2* on the diagram.
(x) What happens to the viability of such an insurance contract if the population of ‘society’ is increased beyond two?

3. Advantages of deposit contract by intermediary, and conditions for its fulfilment.

We now increase the population of ‘society’ beyond the two-individual situation so far considered:

· An intermediary (a bank or other depository institution) offers a deposit contract whereby depositors are able to achieve the same socially-optimal allocation as in the two-individual case considered above.

· We consider the conditions which are necessary for the bank to be able to fulfil its commitments under this deposit contract.

· We also consider the proportion of depositors who can and cannot withdraw their deposits in the presence of a bank run.

(i) Provide an expression for the deposit payments which must be offered in each period under this contract.

(ii) What now provides the motivation for type 2s to hold onto their deposits into period 2?

(iii) What, in informal terms, is the condition for type 2s to be paid in full in period 2?

(iv) If there are N depositors, what are (a) the funds available to the bank for distribution to depositors in period 1 (b) the bank’s liabilities to depositors in period 1 (c) the relation between these two quantities?

(v) On the assumption that p = ½ , what is the outcome in period 1 (a) if type 2s maximise total consumption and liquidate assets solely to meet their consequent ‘genuine’ liquidity needs (b) if type 2s fear a bank run?

(vi) What is the deposit : liability ratio of banks in period 1?


(vii) What is the maximum proportion of depositors who can withdraw their deposits in period 1 in the presence of a run?

(viii) In the presence of a run (and assuming no deposit insurance arrangements are in place), what fraction of depositors will get nothing through being last in the queue? Express in terms of the transfer payment (π) and C1*.

4. Intermediation and autarchy compared. 
We now compare outcomes under autarchy with those achieved under a bank deposit contract, with and without a bank run.

· We retain the assumption that p = ½. 

· Initially, no deposit insurance arrangements are in place.

(i) Provide an expression for the total expected utility of those who manage to withdraw their deposits in the presence of a run.

(ii) Compare this with total expected social utility in this case.

(iii) What is an individual’s expected utility under the bank’s deposit contact if it is assumed that there will be no bank run? 

(iv) Demonstrate algebraically that expected utility in the above case is greater than if it is assumed that there will be a run.

(v) What, in terms of mathematical economics, is the nature of the respective outcomes in the presence and absence of a bank run?

(vi) List three strategies for eliminating the ‘bad’ Nash equilibrium, indicating the agency undertaking the action in each case.

5. Strategies to eliminate the ‘bad’ Nash equilibrium (1) Suspension of convertibility.
(i) If intermediation is to provide a welfare-improving deposit contract, what is the necessary condition for the relation between consumption in period 1 and the liquidation value of assets in period 1?

(ii) What is the advantage to a bank of suspending convertibility if a bank panic is developing?

(iii) A bank announces that it will suspend convertibility as soon as it has paid out a fraction (p = ½ ) of its deposit liabilities. What would be the consequences for (a) Type 1s (b) Type 2s?

(iv) How might such an announcement counter the risk of a bank run?

6. Strategies to eliminate the ‘bad’ Nash equilibrium (2) Deposit insurance.

We now assume that a government has successfully imposed a system of deposit insurance which equalises the amount Type 1s and Type 2s can withdraw in period 1 in the presence of a bank run, so that none are left with nothing through being at the back of the queue.

(i) What is the individual’s expected utility in this case?

(ii) What is expected total social utility in this case, and how does it compare with that under autarchy? Explain the discrepancy between these two outcomes.

(iii) Why is total social utility higher with deposit insurance than without, when the amount paid out remains the same in each case?

(iv) What advantage does the government have over a bank in arranging deposit insurance?

(v) If a bank run develops, how does deposit insurance motivate Type 2s to keep their deposit in the bank despite their expected utility in period 2 being no more than in period 1?

7. Comparison of outcomes under and intermediation, with and without a run, and with and without deposit insurance. 

Set out the above results by filling in the following table:

	Regime
	Run or no run
	Insurance
	Utility of with-drawers in period 1
	Utility of with-drawers in period 2
	Expected utility
	Order in terms of social welfare

	Autarchy
	--
	--
	
	
	
	

	Intermediation
	No run
	--
	
	
	
	

	Intermediation
	Run
	Without insurance
	
	
	
	

	Intermediation
	Run
	With insurance
	
	
	
	



Answers.

1 (i) The requirement for liquidation of investment in period 1 →  consumption of C1 > 0.

(ii) No. There is risk at the individual level, since individuals do not learn which type they are until period 1; however, there is no aggregate uncertainty, since p is known in advance.

(iii) (a) C1 = 1,    C2 = R >1.

→ Cost to an individual of early death is C2 – C1 = R – 1

(b) Type 2s are free to consume in period 1 as well as 2; however, the expectation is that they will optimise by setting C12 = 0 since R > 1.

(c) E [U] = p.U(C11 + C21) + (1 – p).U(C12 + C22)

Type 1: We are given (and the expectation of a constant is a constant!): 

C11 = 1

C21 = 0

Type 2: Assuming these optimise (as per previous question), we have: 

E[C12] = 0

E[C22] = R

→ Substituting, we have:

E [U] = p.U(1 + 0) + (1 – p).U(0 + R)  

   →
E [U] = p.U(1) + (1 – p).U(R)

(iv) Mechanism for imposing a contract whereby whoever turns out to be the type 2 will pay a fixed sum to the type 1.

(v) No. Since there are only two individuals, learning one’s own type thereby simultaneously reveals the type of the other.

i.e. there is automatic full state verification / absence of informational asymmetry.

→ Optimal risk-trading contract is possible between the two individuals directly without any need for intermediation.

2. (i) 
Type 1s will consume 
1 + π


Type 2s will consume 
R(1 - π)

(ii) 

(a) With trade in risk, we have C1 = 1 + π

Solving for π, we have π = C1 - 1

Substituting this into C2 = R(1 – π) (from 2 (i) above), we have

C2 = R.[ 1 – (C1 - 1) 

→ 
C2 = R(2 – C1) = 2R – RC1

(b) We maximise total (‘social’) utility:

SU = U(C1) + U(C2)

(iii)  Substituting into this the above expression for C2, we have:

SU = U(C1) + U(2R – RC1)

Differentiating and setting to zero, we can express the standard result as:

dSU / dC1  = MU1 – R.MU2 = 0

   → 
MU1 / MU2  =  R  

i.e. marginal rate of substitution (in consumption) is equal to marginal rate of transformation (through investment).

Note: We may also write R  = (1 + r)

(iv) These are C1*, C2*, and π*, the values which solve the above equations.

(v)   
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(vi)
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(vii) ‘Society’ consists of the two individuals:

C1 = 1,    C2 = R    

→  ‘Social’ level of consumption under autarchy is C1 + C2 = 1 + R


(viii) 
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(ix)  
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(x) With only two individuals, there is state verification / absence of informational asymmetry.

However, with more than two, individuals’ information on own type remains private; life expectancy and liquidity requirements are no longer verifiable.

→ socially-optimal risk-trading contract is no longer viable between individuals.

3 (i) 
C1* = 1 + π*

C2* = R(1 – π*)

(ii) C2* > C1*.
(iii) No type 2s must withdraw their deposits in period 1.

(iv) 
(a) N.1 = N

(b) N.C1* 

(c) N.C1* > N    →    (b) > (a)

(v) (a) Type 2s will optimise by setting period 1 consumption to zero (see question 1 (iii) (b) above).

→ only type 1s withdraw their deposits in period 1.

i.e. total liquidity requirement in period 1 is:

pNC1* + (1 – p)N.0 = ½NC1* < N.

i.e. The bank’s liabilities do not exceed its assets, and all deposit withdrawal demands can be met.

(b) Type 2s may begin to liquidate their assets in period 1.

If all do so (‘bank panic’), their total liquidity requirement in period 1 would be (1-p).NC1* = ½NC1*.

Thus the bank would be faced with demands to meet its entire liabilities:

½NC1* + ½NC1* = NC1* > N.
i.e. The bank’s assets are insufficient to meet liabilities – some depositors get 0.

(vi) N : N.C1* , i.e.   1 : C1*

(vii) Fraction will be deposits divided by liabilities, i. e. deposits : liabilities ratio (1 : C1*) expressed as a fraction: 

f = 1 / C1*

C1* > 1     →      f < 1.

(viii) Fraction who get nothing will be:  1 – f.

1 – f     =    1 - 1 / C1*    =    (C1* - 1) / C1*

We have:  
C1* = 1 + π

   → 
1 – f = (1 + π – 1) / C1* = π / C1*

Thus the fraction who will receive nothing is π / C1*


 

4. (i) (a) Out of the total of N individuals, the fraction who are paid is 1/C1*.

Their expected utility is thus:

N.{1/C1*}.U(C1*)

(ii) Those who receive nothing have U[0], so total expected social utility is the same as above.

We may, however, expand this result as follows:

The fraction of society who receive nothing is π*/C1*, so that we have:

E[SU] = N.{1/C1*.[U(C1*)]  + π*/C1*.[U(0)]}

(iii) E[U] = ½U(C1* + C2*)

(iv) C2* > C1* 

→ ½U(C1* + C2*) > U(C1*)

We thus have: 
   With run:
E[U] = 1/C1*.U(C1*)   [ + 0 ]  

1/C1* < 1  
     → 
E[U]  < U(C1*)

    And without run:
E[U]  > U(C1*)

(v) These are two Nash equilibria. Agents optimise autonomously and disregard the effect of their actions at the aggregate level.

The outcomes with and without a run may be described as ‘bad’ and ‘good’ Nash equilibria respectively.

(vi) Action by the bank itself: suspension of convertibility.

Actions by government: government-backed deposit insurance, lender of last resort facility.
5. (i) Liquidation value of assets in period 1 = 1.

C1 = 1, and consequently C2 = R, means that intermediation would offer no improvement on autarchy.

→ Necessary condition is C1 > 1, i.e. greater than liquidation value of assets in period 1.

(ii) Gives time for assets to be liquidated in orderly way → better price than in ‘fire-sale’ conditions.

(iii)
(a) Some Type 1s will be left with 0.


(b) All Type 2s will be assured of C2* in period 2.

(iv) By giving Type 2s an incentive to keep their deposits till period 2, it provides a strategy for eliminating the ‘bad’ equilibrium / threat of bank panic.


6. (i) 
Number of Type 1s = number of Type 2s = ½ N

→ Total number of desired withdrawals will be N (assuming all Type 2s have panicked and wish to set C22 = 0).

Total amount deposited = N

→ Each can receive N/N = 1.

→ E[U]  = ½[U(1) + U(1)] = U(1)

(ii) 
Under autarchy, we have:

E[U]  = ½[U(1) + U(R)]

With bank run and no deposit insurance, we have:

E[U] = ½[U(1) + U(1)]    (Which can of course be abbreviated to U(1).)

R > 1 → Autarchy ‘ranks’ better in terms of social welfare.

This is due to the ‘premature liquidation effect’, i.e. loss of return on the early withdrawals by Type 2s.

(iii) Without insurance, 1/C1* withdraw C1*, while 1/π* are left with nothing.

The added utility to the successful of receiving C1* rather than 1 is outweighed by the loss in utility by the unsuccessful of receiving 0 rather than 1.

i.e. The ‘fairer’ distribution provided by insurance maximises social welfare subject to the available resources.

i.e. Deposit insurance has reversed the ‘distribution effect’.

(iv) Government, unlike bank, is able to use tax system to claw back funds from depositors after withdrawal of deposits.

(v) E[U] in period 2 is no worse than in period 1, and there is always the chance that the run will not develop into a panic → might get C2 > 1 after all.

7.

	Regime
	Run or no run
	Deposit

Insurance
	Utility of with-drawers in period 1
	Utility of with-drawers in period 2
	Expected utility
	Order in terms of social welfare

	Autarchy
	--
	--
	U(1)
	U(R)
	½[U(1) + U(R)]
	2

	Intermediation
	No run
	--
	U(C1*)
	U(C2*)
	½[U(C1*) + U(C2*)]
	1

	Intermediation
	Run
	Without insurance
	U(C1*)
	--
	1/C1*.[U(C1*)] + π*/C1*.U(0)
	4

	Intermediation
	Run
	With insurance
	U(1)
	U(1)
	U(1)
	3





450 line would indicate complete absence of risk between ‘states’ / outcomes.








